This paper aims to study the existence of a change of coordinates which permits to transform a class of nonlinear dynamical systems into the so-called nonlinear observer canonical form.
Introduction
It is well-known that if we can design an observer for an observable linear dynamical system with a linear error dynamic then a robust estimation of the current state of the system can be obtained using the measured outputs (see, Luenberger [1, 2] ). Inspired by this idea, the so-called linearization problem modulo an output injection for nonlinear dynamical systems has been introduced. This problem was first addressed by Krener & Isidori [3] and Bestle & Zeitz [4] in 1983. In their work, they considered a dynamical system with a single output, and they gave necessary and sufficient geometrical conditions to guarantee the existence of a change of coordinates (a diffeomorphism) which can transform a nonlinear dynamical system into the Nonlinear Observer Canonical Form (NOCF). Remark that this form has an observable linear part and a nonlinear part which only depends on the output.
Hence, this approach enables to design a robust observer for a class of nonlinear dynamical systems. Indeed, similar to the linear case, the observer consists in coupling the internal model given by the NOCF and the innovation correction given by the error between the measured output and the estimated output. Thanks to the advantages of this approach, the problem of observer design based on the NOCF has been studied and developed by many researchers. In 1985, Krener & Respondek [5] dealt with the multi-outputs case, where they allowed a diffeomorphism on the outputs. Then, their study was developed by Xia & Gao [6] in 1989 with more precise details. In 1999, for single output systems the idea of output transformation was firstly introduced by Besançon [7] . For other algorithms on the same subject, readers can see Phelps [8] , Hou & Pugh [9] , Boutat et al. [10, 11, 12] . For single output time-delay systems, this problem has been addressed by Califano et al. [13] .
Using a similar way, the so-called direct method was introduced to solve the linearization problem (e.g. Plestan et al. [14] , Lopez et al. [15] ). For multi-output discrete systems, this problem has been solved by Califano et al. [16] without any assumption on the observability indices. There are also other investigations on the NOCF where the linear part depends on the outputs (e.g. Respondek et al. [17] , Zheng et al. [18] ). In this cas, higher gain observers were used (e.g. Gauthier & Bornard [19] , Hammouri et al. [20] ). We also recall that using Lyapunovs auxiliary theorem the observer introduced by Luenberger [2] for linear systems was extended to nonlinear case by Kazantzis & Kravaris [21] . The existence of such an observer was studied by Andrieu & Praly [22] . This paper is motivated by Krener & Respondek [5] and Xia & Gao [6] . In [6] , the authors studied the existence of change of coordinates for a class of multi-outputs nonlinear systems which fulfill condition (ii) in Theorem 2.3. This condition guarantees that any output and its derivatives do not affect the other outputs in the NOCF. In particular, they showed that if the observability indices of a considered system are all equal, then this condition is not necessary. The objective of this paper is to show that the counterexample given by Xia & Gao for one result obtained by Krener & Respondek is not a real counterexample. To the best of our knowledge, this point has not been mentioned anywhere. For this purpose, we consider the case where the difference between any two observability indices is not larger than 1. Instead of using condition (ii) given in [6] , we allow a diffeomorphism on the outputs in the NOCF (more details will be shown by taking an example given in [6] ). Moreover, we extend the result to multi-inputs-outputs systems. The obtained result can not only cope with the example studied in [23] using a more constructive way but also be applicable for the other systems. This paper is organized as follows: In Section 2, we first recall the concept of the NOCF, then we present an algorithm to construct a change of coordinates which permits to transform a nonlinear system into the NOCF. In Section 3, we study the existence of change of coordinates for a class of multi-outputs nonlinear systems and a class of multi-inputs-outputs nonlinear systems, respectively. In Section 4, we apply the obtained results to the examples considered by Xia & Gao and Krener & Respondek, respectively. Finally, conclusions are given in Section 5.
Preliminaries
In this section, we recall a well-known nonlinear observer design theory based on the socalled Nonlinear Observer Canonical Form (denoted by NOCF in this paper). Firstly, we consider a multi-outputs nonlinear system which can be transformed into the NOCF using a change of coordinates. Secondly, we study the existence of such a change of coordinates, which can be constructed by a given algorithm.
Nonlinear Observer Canonical Form
Let us consider the following multi-outputs nonlinear dynamical system:
where x ∈ X is the state vector, X is an open domain of R n , f : X → R n is a vector field which undergoes the evolution of the system, and y = h : X → R m is the measured output vector.
Without loss of generality, we assume that 0 ∈ X , f (0) = 0 and h(0) = 0. Moreover, we
assume that the components of h: y i = h i for i = 1, . . . , m, are independent.
Before introducing the concept of NOCF, we need the following definition and assump- Using these notations, we can give the following definition (see [5] for more details). Definition 1. [5] The observability indices of the pair (f, h) are defined as follows:
Remark 1. The observability indices {r i } 1≤i≤m satisfy the following inequality:
Secondly, the following assumptions are necessary.
Assumptions 1.
• (A 1 ) The observability indices {r i } 1≤i≤m of the dynamical system (1) are constant on X .
• (A 2 ) The pair (f, h) satisfies the observability rank condition, i.e. the rank of the codistribution:
From now on, we denote the multi-valued 1-form by: 
for i = 1, . . . , m, where A i and C i are (r i × r i ) and (1 × r i ) constant matrices respectively and given as follows: Remark that if such a change of coordinates exists, then even though the output vector y of the new coordinates system (3) is a function of the original output variables, the new
. . , m, are linear functions of the new state variables. Consequently, one can design an observer for each sub-system, such that we have:
for i = 1, . . . , m, where K i is the observer gain chosen in such a way that
stable. Thus, we obtain an overall observer for each sub-system with the following linear error dynamic:ė
, where e i = z i −ẑ i is the associated observer error.
In the next subsection, we present an algorithm to construct the needed change of coordinates in a general case. Then, we study the existence of change of coordinates for a class of nonlinear systems.
Construction and existence of change of coordinates
Firstly, we define a family of vector fields {τ i,1 } 1≤i≤m using the following equations: for
Secondly, thanks to the observability rank condition given in Assumption (A 2 ), the fam-
T of the tangent fiber bundle T X of X , where we define: 
Thirdly, by evaluating the observability 1-forms in θ with the frame τ , we introduce the following matrix:
Fourthly, according to the observability rank condition given in Assumption (A 2 ), the matrix Λ is invertible. We denote its inverse by Λ −1 . Then, we define the following multivalued 1-form constituted by n differential 1-forms:
where
Finally, if the components of the multi-valued 1-form ω are closed, i.e. dω i,j = 0 for
Then, according to Poincaré's lemma, there exists a "local" diffeomorphism ϕ := (ϕ i,j ) 1≤i≤m, 1≤j≤r i such that:
for 1 ≤ i ≤ m, 1 ≤ j ≤ r i . In order to simplify notations, dω i,j = 0 and ω i,j = dϕ i,j for 1 ≤ i ≤ m, 1 ≤ j ≤ r i , will be denoted by dω = 0 and ω = dϕ, respectively.
Consequently, the condition that the components of the multi-valued 1-form ω are closed is a sufficient condition for the existence of the change of coordinates ϕ. If such a condition is fulfilled, then we can construct a change of coordinates using the algorithm given in (5) (6) (7) (8) . However, since ω is obtained from the inverse of Λ, it is generally difficult to verify if this condition is fulfilled. In order to solve this problem, we should find another equivalent condition to study the existence of change of coordinates.
For this purpose, Krener & Respondek [5] and Xia & Gao [6] considered some particular systems. In [6] , the authors studied the existence of change of coordinates for a class of systems which fulfill condition (ii) in Theorem 2.3. This condition guarantees that any output and its derivatives do not affect the other outputs in the NOCF. In particular, they
showed that if the observability indices of a system are all equal, then this condition is not necessary. We recall this result in the following theorem.
Theorem 1. [6] Assume that the observability indices of the dynamical system (1) are equal,
i.e. the following condition holds:
Then, the two following assertions are equivalent:
The vector fields of the frame τ commute, i.e. [τ i , τ j ] = 0, for i = 1, . . . , n and for j = 1, . . . , n.
• (P 2 ) There exists a "local" diffeomorphism z = ϕ(x) which transforms the dynamical system
(1) into the NOCF (3) where is the identity Id.
Consequently, according to Theorem 1, assertion (P 1 ) can be considered as a criterion to verify the existence of change of coordinates for systems satisfying condition (C 1 ).
In the next section, we study the existence of change of coordinates for a family of systems where condition (C 1 ) is not fulfilled.
Main results
In this section, we study the case where the observability indices satisfy |r i − r j | ≤ 1 for any i, j ∈ {1, . . . , m}. In particular, we assume that:
(C 2 ) : there exists an integer ν ∈ {1, . . . , m − 1} such that:
Hence, we do not need condition (ii) given in [6] . Indeed, as a replaced condition we are going to introduce a diffeomorphism on the outputs in the NOCF. For this purpose, we consider a class of multi-outputs systems without inputs and a class of multi-inputs-outputs systems, respectively.
Multi-outputs systems without inputs
In the following theorem, we study the existence of change of coordinates for the dynamical system (1), which is subject to condition (C 2 ).
Theorem 2.
Assume that the observability indices of the dynamical system (1) satisfy condition (C 2 ). Then, the following two assertions are equivalent: • (P 4 ): The multi-valued 1-form ω given in (8) is closed.
Moreover, if assertion (P 4 ) or (P 5 ) is fulfilled, then the following assertion is fulfilled.
• (P 5 ): There exists a diffeomorphism which transforms the dynamical system (1) into the NOCF (3) , where the outputs are given by:
Proof.
• First Part: we prove the equivalence between (P 3 ) and (P 4 ). Since the components of ω given in (8) are differential 1-forms, the evaluation of the differential dω on two vector fields X and Y is given as follows (see, e.g. [24] ):
According to (5) (6) (7) (8) 
Consequently, we deduce the equivalence between (P 3 ) and (P 4 ) from the fact that ω is an isomorphism on the tangent fiber bundle T χ of χ.
• Second part: we prove that we can deduce (P 5 ) from (P 4 ). If (P 4 ) is fulfilled, then from (9) we have ϕ * := dϕ = ω.
• Firstly, using the algorithm given in (5-8), we can define the following change of co-
Hence, we get dz i,j = ω i,j for i = 1, . . . , m and for j = 1, . . . , r i .
• Secondly, we transform the dynamical system (1) using this change of coordinates.
On the one hand, let us consider the partial derivatives of ϕ * (f ) in the direction of ∂ ∂z i,j :
, for i = 1, . . . , m and for j = 1, . . . , r i − 1. Then, by taking an integration we obtain:
where β is the obtained function of z. Hence, it is clear that the linear part of ϕ * (f ) is in the form given in (3).
On the other hand, we seek the new outputs by calculating the Lie derivatives of the outputs h k , for k = 1, . . . , m, along the vector fields (τ i,j ) 1≤i≤m, 1≤j≤r i defined in (5-6).
Thus, we get the new outputsȳ k := y k = z k,r k .
For k = ν + 1, . . . , m, we obtain:
Thus, we get the new outputsȳ k = z k,r k + φ(y 1 , . . . , y ν ).
Consequently, according to Theorem 2, assertion (P 3 ) can be considered as a criterion to verify the existence of change of coordinates for systems satisfying condition (C 2 ). If (P 3 ) is fulfilled, then we can design an observer with a linear error dynamic for these systems.
On the one hand, these systems have not been studied by Xia & Gao in [6] , since they do not satisfy neither condition (C 1 ) nor condition (ii) given in [6] . On the other hand, different from [6] we can have ̸ = Id, i.e. we allow a diffeomorphism on the outputs. However, this dose not influence the design of an observer.
In the next subsection, we extend the result obtained in Theorem 2 to systems with inputs.
Multi-inputs-outputs systems
In this subsection, we consider a class of multi-inputs-outputs dynamical systems defined as follows:
where g i are vector fields and u i are the inputs, for i = 1, . . . , p ∈ N * . Then, we have the following theorem.
Theorem 3. Assume that the observability indices of the dynamical system (11) satisfy
condition (C 2 ). Moreover, we assume that assertion (P 3 ) or (P 4 ) given in Theorem 2 is fulfilled. Then, the following assertion is fulfilled. 
where A = [A 1 ; . . . ; A m ], and A i are matrices with the form given in (3) .
Proof. This proof can be completed using a similar way to the proof of Theorem 2. Moreover, we can obtain: 
Applications
In order to highlight the results given in Theorem 2 and Theorem 3, we consider two dynamical systems in this section to show how to transform them into the NOCF (3) using the algorithm given in (5) (6) (7) (8) . Meanwhile, we give a counterexample to show that if condition (C 2 ) is not fulfilled then the proposed algorithm fails.
Example of Xia & Gao
In this subsection, we consider a dynamical system which does not satisfy neither condition (C 1 ) nor condition (ii) given by Xia & Gao in [6] . The latter considered this system as a counterexample for one result obtained in [5] . It was shown that this system can not be transformed into the NOCF where the outputs do not affect each other. However, it is not a real counterexample. We are going to show that using Theorem 2 we can transform this system into the NOCF by admitting a diffeomorphism on the outputs.
Example 1 (Xia & Gao [6] ) Let us consider the following dynamical system:
We can verify that this system satisfies condition (C 2 ). Then, we construct a change of coordinates using the algorithm given in (5-8) .
Firstly, the observability 1-forms are given by:
Secondly, the frame τ is formed by the following vector fields:
Thirdly, by evaluating the observability 1-forms in θ with the frame τ , we obtain:
Consequently, the differential of the needed diffeomorphism is given by:
We can also verify that τ 1,1 , τ 1,2 and τ 2,1 commute each other with respect to the Lie bracket, i.e. (P 3 ) holds. Therefore, according to Theorem 2, there exists a diffeomorphism which transforms (13) into the NOCF with the following change of coordinates:
Moreover, we have: dy 2 (τ 11 ) = 0 and dy 2 (τ 12 ) = 1.
This implies that the output y 2 is linearly dependent on y 1 . Consequently, in this new coordinates, the dynamical system (13) becomes:
with the following outputs:
Finally, we can write the dynamical system (14-15) into the following compact form: Thus, we can design an observer for the dynamical system (14-15):
where the estimation error is linear.
Example of Chiasson & Novotnak
Let us consider the following dynamical system of a PM stepper motor:
with the following outputs: (17) into the NOCF. Thus, an observer has been designed with a linear error dynamic. However, the method proposed in [23] has been specifically applied to the considered PM stepper motor. A general mathematical theory for this problem was somewhat overlooked.
The dynamical system (17) satisfies condition (C 2 ), and it belongs to the family of systems defined by (11) . Hence, Theorem 3 provides a more constructive method than [23] , which can not only be applicable for the dynamical system (17) but also for the other systems.
Indeed, by applying Theorem 3 to the system (17) we can obtain in the following example both the same change of coordinates and the same NOCF as the ones obtained in [23] .
Moreover, instead of solving a set of partial differential equations, we give a general method to transform the systems into the NOCF.
Example 2 (Chiasson & Novotnak [23] ) Let us consider the dynamical system of a PM stepper motor given in (17) .
Firstly, a straightforward calculation gives the following observability 1-forms:
Secondly, the vector fields forming the frame τ are given as follows:
Thirdly, an additional calculation gives:
Consequently, we deduce the following diffeomorphism:
We can verify that τ 1,1 , τ 1,2 , τ 2,1 and τ 3,1 commute each other with respect to the Lie bracket, i.e (P 3 ) holds. Moreover, the control directions g 1 (x) =
Finally, using Theorem 3 we obtain the following NOCF:
Remark 4.
• The outputs y 1 and y 2 are with index 1, and the output y 3 is with index 2. For the moment, the index means the needed times of differentiations to the outputs to get all the state variables.
• The outputsȳ 1 andȳ 2 with index 1 are affected by the outputȳ 3 with index 2. Moreover, the dependency of the outputs is nonlinear.
• Since the new output variables are linear functions of the new state variables in the following forms:ȳ 1 = z 3,1 ,ȳ 2 = z 2,1 andȳ 3 = z 1,2 , it is clear that we can design an observer with a linear error dynamic.
Counterexample
Finally, we give a dynamical system where condition (C 2 ) is not fulfilled. In particular, we assume that there exists the observability indices such that |r i − r j | > 1. Then, we show that using the algorithm given in (5-8) we can not transform the system into the NOCF (3).
In this case, the derivatives of one output affect the other outputs. Indeed, if we do not use condition (ii) given in [6] , then condition (C 2 ) is the optimal condition under which we can obtain the NOCF using the proposed algorithm. The observability 1-forms are given by: θ 1,1 = dx 4 , θ 1,2 = dx 3 , θ 1,3 = dx 2 , θ 1,4 = dx 1 , θ 2,1 = dx 6 , θ 2,2 = dx 5 + 2x 3 dx 3 + x 4 dx 2 + x 2 dx 4 .
Moreover, the frame τ is given by the following vector fields: 
We can see that the derivative of y 1 affects the new outputȳ 2 = y 2 − 1 2˙ y 2 1 . Consequently, we can not use an observer as done in (4).
Conclusions
In this paper, we have studied the problem of observer design based on the NOCF for a class of nonlinear systems with linear error dynamics, where the difference between any two observability indices is not larger than 1. Instead of using condition (ii) given in [6] , we allowed a diffeomorphism on the outputs in the NOCF. We have first given sufficient conditions for the existence of a change of coordinates (a diffeomorphism) which can transform the considered multi-outputs nonlinear systems into the NOCF. Then, we have extended the result to multi-inputs-outputs nonlinear dynamical systems. We have also provided an algorithm to construct the needed a change of coordinates. By giving a counterexample, we have shown that if we do not use condition (ii) given in [6] , then condition (C 2 ) is the optimal condition under which we can obtain the NOCF using the proposed algorithm.
